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OPTICAL GAIN, PHASE SHIFT AND PROFILE
IN FREE-ELECTRON LASERS

I. Introduction

A well-known feature of the free-electron laser (FEL) is that the

refractive index of the medium is a complex function and hence the

radiation is amplified and to some extent focused in the vicinity of the

electron beam.1,2 It may then be possible for the electron and radiation

beams to interact over an extended length along the wiggler, with the

diffractive tendency being compensated by the FEL interaction, thereby

enhancing the efficiency of the process.

Considerable progress has been made in studying this process by

several authors.3-8 The purpose of this paper is to apply the formalism of

the Gaussian-Laguerre modal source dependent expansion (SDE) of Ref. 8 to

examine the propagation and guiding of the optical wave in an amplifier

operating in the exponential gain regime, for a variety of operating

conditions.

The plan of this paper is as follows. In Section II the formalism of

the SDE is employed to obtain the evolution equations for the radius and

the curvature for the lowest order mode of the optical beam, along with the

relevant dispersion relation for a Gaussian electron beam driving an FEL

amplifier in the small signal regime. In Section III numerical solutions

of the single-mode equation for the radius of the optical beam are

presented and compared to the result from a multi-mode truncation of the

radiation field. In this case, and for cases not presented herein, the

single-mode and multi-mode results indicate that the radiation beam profile

entering the wiggler asymptotes to a unique form after an initial

Waympro tes I I u9e

i,
U .. 4 4. , p 

4
.



transient. Additionally, the numerical values of the radius of the

radiation envelope and of the wavefront curvature are in fair agreement,

irrespective of the degree of mode truncation, indicating the usefulness of

the single-mode equations. Limiting ourselves to these equations, the

electron beam is then allowed to oscillate at the betatron wavelength and

the resulting radiation profile examined. It is found that the optical

beam envelope follows that of the electrons with almost identical

wavelength, but retarded in phase. Section IV discusses the results,

deriving formulae for the matched radiation beam profile (i.e., radius and

curvature) in terms of the electron beam and wiggler parameters. It is

shown analytically that perturbations of the profile are spatially damped

out, consistent with the numerical observations indicating a unique,

asymptotic matched radius and curvature. Appendix A presents the necessary

details required to derive the source term, for the wave equation, for a

planar wiggler and an electron beam with uniform density along the

direction of propagation. Appendix B considers the effect of the

modulation of the electron beam on the optical wave. Specifically, a

simple analysis, taking into account sideband generation, indicates that

the dispersion characteristics of the primary wave are only slightly

modified for typical experimental parameters. Appendix C presents the

details of the stability calculation.

II. Mathematical Formulation

The purpose of the present section is to present the salient features

of the source dependent expansion method 8 so as to fix the notation and for

reference in the subsequent sections.

For a planar wiggler, it is appropriate to assume a linearly polarized

radiation vector potential

* 2



A (1/2) A(rez)exp i( - - W t3]t + C.C.,

with angular frequency ( and complex amplitude A. In the slowly varying

envelope approximation, the wave equation reduces to

-r r 2 +c z a - S(r,e,z), (1)

where a I JeIA/m C 2, and the source function is given by

S(r,3,z) 8fl Px(r,O,z)exp iF z- o t• (2)

0m slow

Here e is the charge on an electron of (rest) mass m, J x(r,e,z) is the

current density and slow indicates that only the spatially and

temporally slow part of the quantity in braces is to be retained.

The basic premise of the work presented herein is that the radiation

field is azimuthally symmetric and the vector potential is expressible as:

a (r,8,z) E am(z)D m(,z), (3)
m=o

with Dm = L () exp {-[1-ix(z)IE/2}, where r = /r (z), rs(z ) is related
to the radiation spot size, a(z) is proportional to the curvature of the

wavefront, and Lm (k) is the Laguerre polynomial of order m.

Now, if the transverse prc ile of the radiation beam is close to a

Gaussian, the lowest order mode is expected to dominate 3'5'7'8, and,

following Ref. 8, it is simple to show that the associated vector potential

evolves according to

(Tz + Ao)ao = -i Fo, (4)

and the spot size and wavefront curvature evolve via

3



r r 2ccz (5a)d 2 cr(ld-- rs 0r s  s i01

dz - 2(1+0) 2 c (5b)
wa r s  0 Mi

where

A2)c _t d !Ll0 r rs dz rs 2 r s dz s 2dz'
rs

the F's are given by the following overlap integral:

oF (z) f - d& S(&,z)D *EMz), (6)

0

and the label R (I) indicates the real (imaginary) part.

Noting that Lo( ) = 1, the normalized vector potential is seen to be

given by [Eq. (3)]

a(r,e,z) = a (z) exp{[1-iC&(z)] (7)

where, in the exponential gain, small-signal regime,

z

a 0 (z) =a(o) exp ~i Jdz 1 Ek(zj)-ir(z1)]I. (8)
1oz

Here a(o) is the input signal at z = o, and the two components of the

refractive index are given by

nZ= jj1+-]k- i ~r- r2 - I (9a)
W W Z 2

n = 2 (0, + i). (9b)
wr s

4



Assuming the electron beam profile to be given by

nb(z) = nbo Lrb(z) exp - J (10)bz at [r nbo) Kh 2e(zenit]a

where rb(z) is the electron beam radius at z and nbo is the beam density at

rb(z) = rbo, the source term in Eq. (1) may be readily evaluated (Appendix

A), to obtain

2 2 2
2 wbo [rb exp 2 i wkwawa

S(r,z) B [r(z)- r c(Ak-ir)2' (1

where the vector potential of the planar wiggler of periodicity 2/k w is

given by

A = A cos(kwz)e x, (12)

,w = = w/m c , (13)

y is the relativistic mass factor, fB is the usual difference of Bessel

functions, f = JoM ) - Jl(Q)  C = (1/4)a 2 /[l + (1/2)a 2 ]1 and~B J0(~ w' ~ w'an

2 n 1/2bo= (4nt~eI nbo/mo)

is the plasma frequency of the electron beam with density nbo.

Substituting Eqs. (8) and (11) into Eq. (6) and making use of Eqs. (4)

and (5), it is simple to show that the equations reduce to

dot 2( 1 + 2 - (14a)
)2 2[ --oI ri-]-

Sd(kZ) (kR

2
d (k,rjS o kw 2(1 (k )2J"*, = 4 - 2(14b)

d(kwz) 

wrs

5
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k- 
) [1, ( b 

...... 
-

k ( N l + J+ .o
.i ~+2 f~ )2 +2 )[ (14bc)]=0

where

F1  2 ca__.7[bo]
2 a _.w (rb'rsjF2 r 2 a2r 2  -21 2(o r'w (bS k -i L(14d)

kwa0 fB k rb(z)J 23 [1+2(rb/rs)2] 2 k V

The spatial evolution of the system is governed by the differential

system (14a) and (14b) along with the dispersion relation (14c), the

solution of which yields a(z), rs (z), k(z) and r(z).

III. Numerical Results

Having obtained the single mode system of Eqs. (14), it is of interest

to determine the extent to which it approximates the general solution in

(3). Once it is established that Eqs. (14) provide an adequate

representation of the general solution, it is then possible to study a

variety of problems of interest by solving a simple set of equations.

Briefly, the numerical procedure for solving an initial-value problem

is the following. Substituting Eq. (14d) into Eq. (14c) yields a cubic

(algebraic) equation for Ak - ir which may be solved, at each z, in terms

of rs (z), a(z) and rb(z), thus enabling Eqs. (14a) and (14b) to be stepped

forward in z. Since in the absence of source terms an input radiation

signal diffracts away on the scale length defined by the Rayleigh range ZR,

2 W
ZR 2c ( z=0' (15)

6
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it is informative to present the numerical results with the distance along

the wiggler measured in units of the Rayleigh range. In all the numerical

results to be presented, the radiation field is assumed to be in the form

of plane waves at the entrance to the wiggler, i.e., (z=O) = 0.

Case I

To begin with, Fig. 1 shows the results for the following parameters:

beam current, Ib = 270 A, rbo = 0.01 cm, y = 2000, 2n/kw = 10 cm, aw = 6.15

and rs(z=O) = 0.02 cm. Noting the factor of 21/2 difference between the

definition of aw in Eq. (13) and that in Ref. 4, it is clear from Fig. 1(a)

that after a transient oscillation over a distance of about 20 Rayleigh

ranges, the radiation spot size approaches a value quite close to that

obtained with the two-dimensional FEL code FRED at the Lawrence Livermore

National Laboratory (LLNL). We also find that for all the numerical cases

examined, a unique, asymptotic spot size is obtained irrespective of the

initial optical waist. Figure 1(b) shows the spatial evolution of O,

indicating that it, too, approaches a constant value after an initial

transient behavior.

The solid curve in Fig. 2 shows the evolution of l/e width of the

radiation amplitude with a five mode (m=0,1,2,3,4) source dependent

expansion calculation using the same set of FEL parameters. The radiation

field is represented by Eq. (3) and the source term is given by Eq. (11).

With the assumption that the fundamental mode dominates, only the Ak and r

of a (r,z) are involved in the source function and they are obtained from

Eqs. (14c) and (14d). It is found that the fundamental mode remains

dominant over many Rayleigh lengths. For comparison the dashed curve in

Fig. 2 shows the fundamental mode spot size of Fig. 1(a), and the

asymptotic results are seen to differ by about 10%. This suggests that the

7



single-mode system of Eqs. (14) may be regarded as a reasonably accurate

simplification of Eq. (3). Henceforth the results presented pertain to

Eqs. (14).

Case II

Figure 3 presents the results for a case where the electron beam is

not matched; i.e., the envelope of the electron beam is modulated:

rb(z) = rbo + Srbsin(k z), (16)

where Srb is the amplitude of the modulation and for simplicity k is

9chosen to be equal to the betatron wave number kw a w/(2yoz ), neglecting

self-fields.10  Oz is the beam speed along the wiggler axis normalized

to c. The parameters, typical of the Advanced Test Accelerator experiment

at LLNL, are Ib = 2 kA, r 0.3 cm, y = 100, 2n/k = 8 cm, a = 1.72,b bo w w

r sz=O) = 0.35 cm. (The reader is referred to Refs. 9 and 11 for details.)
s

In Fig. 3, where Srb/rbo = 0.1, it is observed that the optical spot size

follows the modulations in the electron envelope apparently identically.

Specifically, a number of cases were examined with Srb/rbo up to 0.4. In

all cases the electron and optical beams oscillate with almost identical

wavelength, although the radiation beam appears to lag behind in phase.

Defining the modulation depth 6 = [(r)max - (r) min ]/[(r)max + (r) min],

it is found from Fig. 3(a) that As = 0.087 whereas, from Eq. (16),

'1L = Srb/rbo - 0.1. Although Ahe modulation depth of the electron beam

differs from that of the radiation beam, it is found that 6s increases

with rb.

More generally, allowing for the defocusing effect of self-fields,

there is always the possibility of a small amplitude ripple on the electron

beam envelope and hence on the radiation beam envelope. In Appendix B,

8



generation of sidebands is considered in a simplified model and found to

have, for typical cases, an insignificant effect on the linear dispersion

characteristics of the primary optical wave, as implicitly assumed by

employing the source term in Eq. (11) in the present case.

IV. Analysis of Results

One interesting feature of the numerical results is that in all cases

the radiation spot size has a unique, asymptotic limit irrespective of the

initial value. The asymptotic value of r5 and of o is determined by the

fixed points of Eqs. (14a) and (14b); i.e., at the fixed point

2(1+( 2 x 2 + 2 - 1 =0, (17a)
(kwrs)2 rwaR 0 wo ]I]

ck w--- - r 2 (17b)

I

Combining Eqs. (17a) and (17b) one obtains

ck W ) F1 =,

(1 - im)2 --w + (kr)2  a- =-0,
w 0

which, upon making use of Eq. (14d), yields

k2r .1/26k w b r Ak

l+2f 1+r = k/,

where

2g o 2 rbb 2rs

and f = (r /r S 2 is the filling factor. Substituting the expressions for

Ak and r into the dispersion relation (14c), one obtains

9
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V fl~---PIMP --

1/2
= If/(3f + 2)]/,

1/4 ( 1+a2/2) 3 /4 3/r = YV f /(1+2f)3/2

s 23/4kwYfB1/2 aw1/2 (1+3f/2)3/4

2
where v = (wborbo/2c) is Budker's parameter. These expressions may be

used to obtain the asymptotic spot size for a given filling factor, and

then one obtains the corresponding electron beam radius via rb  r s f .

To avoid complications arising at the outer edges of the optical beam,

where the field amplitude is small, typically a filling factor f < 1/2 is

appropriate. It is also possible to rearrange the expression for rs to

obtain

f3 + f2 + - q)f - q = 0,

where

2 yr k 41/3 1

S2) 1ia 2 +a/2
W

The cubic equation for f may be solved to obtain an explicit expression for

r . Noting that the sum and the product of the three roots of the cubic

equal -1 and q, respectively, it follows that there is a unique, real value

for the asymptotic spot size rs .

To examine stability, it is convenient to define

_- iF,
-pw w

and substitute Eq. (14d) into Eq. (lc) to obtain the local dispersion

relation:

4

-p.

, I 0
a

* . . .

4'.. 4 * 4 4 . . . * 4 ' I. . 4 -* .4 - -. .



,3 c 1io ,2 ck , rj b 2 1+( rs'2
+ 2 (kwrS)2 = -2 W [+2(r b/rS)2]2' (18)

which may be solved iteratively. It turns out that for the parameters of

Case I, at the lowest order, the right-hand side balances the quadratic

term on the left. The relevant root, with Ak, r > 0, may be substituted

into Eq. (14d) to obtain, for a > o,

F1 -ckw 1-i 1 1/2 c-i[I+(I+2J/2]kwa -a w (rs2+(wb2- T2I ) [I(+2)I/2]1 / 2

ka0 (krs) + (k wrb) 22+L+0 2)

(kwrS)2  (kwr s)(kwrb) (19)
22 22,1/2 " (9

(kwrS)2+2(k [(kwr S) +(kwrb) J

Perturbing Eqs. (14a) and (14b) about the fixed point and making use of

Eq. (19), it is simple to show that the perturbation is spatially damped,

thus indicating the stability of the fixed point. The algebraic details

are relegated to Appendix C.

Another aspect of the results which is of interest pertains to the

nature of the phase fronts and the flux of optical power in the asymptotic

region. From Eqs. (7) and (8) it is simple to check that, in differential
2

form, the surfaces of constant phase are given by (w/c + Ak)&z + (2rcclrs)6r

= , and hence, noting that 6k, a > 0, the wavefronts are divergent in the

direction of propagation. Consistent with this, there is a nonvanishing

transverse component of the Poynting flux. Specifically, for r/r < 1 the

ratio of flux of optical energy in the transverse direction to that along

the z axis is ~ cr/kr2 << 1.
I



V. Conclusion

Based on the results presented herein, the simplicity and accuracy of

the single-mode Gaussian-Laguerre approximation to the solution of

*Maxwell's equations has been demonstrated. It is shown that, in the

exponential gain regime of operation of an FEL amplifier, there is a

unique, asymptotic spot size for the radiation beam irrespective of that at

the entrance of the wiggler. There is, however, a transverse flux of

*. optical power. It is shown analytically that the asymptotic profile

(i.e., the radius and the curvature at large z) is stable to small

amplitude perturbations. With a spatially modulated electron beam

envelope, that of the optical beam is found to oscillate on the same

spatial scale.
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Appendix A: Source Term

In this appendix, the details of the evaluation of the source term S

in Eq. (11) are presented.

The FEL source current, J (r,6,z), in a linear wiggler is given by
x

J x(r,e,z) = -Ie[6nb(r,e,z)vx

-j 2 anbe-ik wz-lel 26nbe-ikw
- A + c.c.

2ymoc w

where Snb is the perturbed beam density and the relation vx = vw = IeIA w

cos(kwZ)/Ym0c has been used. Equation (2) can then be written as

S(r,O,z) = 12 e (Al)
Ymo0C slow

where k = c/c.

The perturbed beam density can be evaluated from the continuity

equation,

d6nb Z6vz

dt nb az (A2)

and the equation of motion in the z-direction,

dv z vBj _Zv(0)zZe.[_[  z(A3)

d7 0~ Lc 2J

where electron self-field effects are neglected. Taking the convective

time derivative of Eq. (A2), and incorporating the linearized version of

*[ Eq. (A3), one can arrive at the following equation for the perturbed beam

density,

14



d2 n b - Ieln b 3 (L~ az a(A4)
dt2  - ym az 2 at) pond

where

pond = 0c2 e + c.c.

With the assumption that A(r,e,z) is a slowly varying function of z,

i.e., lalnA/azi << kw << k, Eq. (A4) becomes

d 2n b  le1 2nbAwA i[(k + kw)z wt]

2- 2y2m2 c2 kwke + c.c. (A5)dt 2 m c

where the resonance condition, = Vz (k + k ) is used.iz w

For a near Gaussian radiation field in the exponential gain regime,

z

A(r,e,z)=A (r,e,z)=A (o)exp i [Ak(Zl)-ir(zl)ldZlio(z)l r
0 0 r 2(z))

0

and assuming Ak, r, a and r5 are slowly varying functions of z, Eq. (A5)

can be integrated immediately to give

.nb = 2 24 Ae + c.c. (A6)
S2y 2m c 4(k-ir)

When Eq. (A6) is substituted into Eq. (Al), taking into account the

usual difference of Bessel functions for a planar wiggler, and Eq. (10) for

the beam profile, the source function in Eq. (1) is then given by Eq. (11).

,V, ,w:,. ,z:,.:,w, ,,,: , .'. v':, -Vy ' '.°.',-o"--,,.Xi %, .' .<, ' , '



Appendix B: Sideband Generation

In this appendix generation of sidebands to the primary optical wave,

due to the spatial modulation of the electron beam, is analyzed. It is to

be emphasized that the following analysis is intended merely to show that

the dispersion characteristics of the primary optical wave are only

slightly modified [- (SNo/N0) 2] for typical experimental parameters, as

implicitly assumed in applying the results of Appendix A to the case of a

modulated electron beam in Section III.

The development of the linear theory herein generalizes that of
12

Sprangle et al., to which reference should be made for further details.

The form of the vector potential of a planar wiggler employed in this

appendix is slightly different to that given by Eq. (12):

-w z) C.C.]e x'

* where Aw is purely imaginary, and that of the linearly polarized radiation

field is taken to be of the form

A = {A, exp[ik z-iw~ ti + A exp likz-iwt]I

+ A 0 exp (ik z-icw tJ) + c.C.j eX9

where it is assumed that the electron density, modulated at the betatron

wavelength 2n/k ., has the simple form

8Nor. 1n =N + - I)n(k7'

n0 N0 +2 0Lexv''0Z + CC

with k3 << kw << k, and k+ k + ko, k= k - k .
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Following Ref. 12, the wave equation is found to be

2
L2 222J(A ~w
az c at Y c Yomc

where y0 is the relativistic factor in the absence of the radiation field,

(b = (4nnoIe 2/mo)I/2' and Sn is the density perturbation caused by the

radiation. Note that the velocity v along the wiggler axis is not

affected by the betatron oscillation and hence y0 , to lowest order in

JeAw/Yomc212, is not a function of z. Defining the ponderomotive

potential

pond 2-w A,

the momentum, continuity and Poisson's equations may be combined to obtain

2 v -n d 4nnle12 e o nd 6n - v . 0- 6n + ()n n
- d t 2 n o0 m Y Y z 2m YO 2 z a

- L n (az d + 2 t (BI)

J Y0az 1a 2 at pond'

2 2 -1/2
where Yz = (l-v 2/c )-I2t is the scalar potential, and terms such as

2 2 2
a 2 n /z 2 , which are on the order of k , have been neglected.

Writing k+ = k + k0, k_ = k - kW

6n= {n +exp [i(k+ + kwJz-iw t] + 6n_ exp [i (k + kw~z-iw3 t]

+6n 0 exp[i (k + kw)z-iwt] + cc
4 )+

noting that, on the left-hand side of Eq. (BI), the ratio of the fourth to

the third term is on the order of k /k << 1, one finds that
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m11 + c 2 a m1 2  m1 3  A- +

2
C m21  m2 2 + e a2 2  Cm23 A = 0,

m 3 1  Em 3 2  m 3 3 + a+

where c = (&No/2N ), and m1 3, m 3 1  0(C 2). It is then simple to show that,

correct to 0(c 2), the dispersion relation is given by

m22 [4 Nj( + (1j + (3+ ,][ 22 +m 22  m]0,

where

m 2 2 = m2 2 (k) a 1 -(k +kw)vzo] 2 k2 -'2 + 2
<,yoyz c yo0c

2 220bk 2
3 kk w aw

YO

is the usual matrix element for the primary wave, m1 = m22 (k +),

m 3 3  m 2 2 (k_),

m 12 = m12 (k+, k, k )

2 2 2

%0 {w (k + k~ )v~ 0  % ' 0 y

{klv[- (k + k)v] - 2

Yoz

2 2 2

(k 2  - bo - 2 bo kkwa 2- 2 + 23 + w w
c Y C YO

% 0



m21= m12 (kk, - k1)' 2 3  = 12  (kk ,k 0) 3 2  12(_,k, -k-

2 4 22 20o 0%o zo
a 2 2 = 2 2 2 2

YoY0 c yYc

2 1/2and o = (4e N 0/m0)/. Note that with the definition chosen for A in

2 2 2this appendix, a2 = (eA /m c ) < 0.

To proceed along the lines of Ref. 12, it is convenient to write

m22 = M22 + C22'

where

(r2 2 2 2

N22 =J~w (k + wlVzo] 02 ( 2 + - 2)'~YO zc ¥O c

and

2- 2oo k k a2

C22  3 ww

Yo

is the "coupling" term. The dispersion relation then becomes

& 2 oa (IN 2 ja a
1 N°  + a + -1C

S0 (22 1 m32m23 221++ (B2)
R0 m11 m 33 a22
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M2 2 yields the dispersion relation for uncoupled electromagnetic and space

charge waves. The right-hand side of Eq. (B2) introduces the FEL

interaction and coupling to sidebands, and its effect is included

iteratively. At the lowest order, M2 2 = 0 for some (w,k). Substituting in

the right-hand side, the second set of terms vanishes; the term

proportional to C2 2 survives.

Substantial modification of this dispersion relation is expected if

2
0) [ <<+ 33 ml 

i.e., if

oN 0 2 D-3/2 2k v zo1/2 1/2 3/4

0

For typical experimental parameters, the right-hand side of this equation

exceeds unity, whereas SN0/N0 << 1, implying the insignificance of the

effect of modulation on the dispersion relation.

2O
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Appendix C: Stability Analysis

The purpose of this appendix is to establish the stability of the

fixed point (r ,a) of Eqs. (14).

Perturbing Eqs. (14a) and (14b) about the fixed point and making use

of Eq. (19), it is seen that the perturbation evolves according to:

d SO
d(k z) (Sx)

11 2 (l 12] (So)[a21 a 22 S

2 2
where x = (k r S), y = (k r b)

a -o,(ckw/wO) + ( -o +

x+y I Xl+ K

-(I+CC2 ) (Ckw//)y(2x+y)a -- ( /J x(XR- aX1 )

12= x 2 (+ 2 Tal2 = x2(x+y)2

xXI

a2 1  -a- xT X I P

a22 - a (Ckw/c°i
'. 22 - XY 2 TxXl '

.. (x+y)2

and

S1/2 _ 1 2 1/2

2- 1 t2 1+( t2 1/2 11/2 x+2y +Y) .(l

Assuming that &a, 6x - exp(Xkwz), one finds that

[ a(ckw/w)(x+2y) + J{-a(ckw/ + 2 122
X =X Y 2 + S$2 + S 1 -+Y)2 + S$2- S 1 $ 3
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where

axR  axI

1 = 9 + D

S L. (xxf,

-~ ~ ~ ~~+ 4x~ _a 1~r( 2) (ck w/W) y(y+2x) a('

". 42 x '

3 a 4C 2 2 x X- axiI
) L a x (x+y) +

(Note that all the variables in this appendix are evaluated at the fixed

point.) Making use of Eq. (Cl) it is simple to show that Xi/ - ax Iaa > 0,

a(xR - aXI)/3x < 0, whence S3 > 0 and hence, noting that S2 + S1 > 0, and

that the perturbation solution for Eq. (18) implies S1 < ce(ck /)/(x+y), one

finds that Re X < 0. thus indicating the stability of the fixed point to

small amplitude perturbations.
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Fig. 1. Spot size (rs), a, phase shift (6k), and gain (r) vs. distance

along the wiggler. z is normalized to the Rayleigh range zR.
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a. Solid curve: 5 mode system; dashed curve: 1 mode system.
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